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ANDREAS BERNIG 

Abstract. The dimension of the space of SU (n) and translation invari- 
ant continuous valuations on C",n > 2 is computed. For even n, this 
dimension equals {n^ + 3n + 10)/2; for odd n it equals (n^ + 3n + 6)/2. 
An explicit geometric basis of this space is constructed. The kinematic 
formulas for SU{n) are obtained as corollaries. 



1. Introduction and statement of theorems 

Let y be a finite-dimensional vector space and denote by ICiV) the set 
of compact convex subsets of V. A valuation on 1/ is a map /x : JC{V) C 
which is finitely additive in the following sense: 

fi{K UL) + fx{K n L) = ii{K) + ^i{L) 

whenever K,L,KULe IC{V). 

A valuation /x is continuous if it is continuous with respect to the Hausdorff 
topology on IC{V). It is translation invariant if fi{v + K) = fM{K) for all 
v£V. 

Now suppose y is a Euclidean vector space. Then is called motion 
invariant if ^{gK) = fi{K) for all Euclidean motions g. 

Hadwiger's famous characterization theorem states that the space Val'^*^'-"'^ 
of motion invariant continuous valuations is of dimension n + 1, where 
n = dimV. The only natural choice (up to scale) of a basis of Val"^*^ 
consists of the intrinsic volumes fiQ, . . . , ^n- From Hadwiger's theorem, the 
array of kinematic formulas, mean projection formulas, additive kinematic 
formulas and many other results can be obtained in an elegant and simple 
way. 

It is natural to weaken the hypotheses of motion invariance. The theory of 
translation invariant continuous valuations is a very rich one, see for instance 
[22]) [I]) |2], [20], [13], [8]. The space of translation invariant continuous 
valuations is an infinite-dimensional Frechet space. 

In view of potential applications to integral geometry, it is natural to 
consider translation invariant continuous valuations which are invariant un- 
der some compact subgroup G of 0{n). Let Val*^ denote the corresponding 
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space. Alesker has shown that Val^ is finite-dimensional if and only if G 
acts transitively on the unit sphere [l], [7]. This is a strong condition on G; 
in fact Borel [16], [17] and Montgomery-Samelson [23] gave a complete clas- 
sification of connected compact Lie groups acting transitively and effectively 
on the sphere (compare also [15], 7.13). There are six infinite series 

SO{n), U{n),SU{n), Sp{n), Sp{n) ■ C/(l), Sp{n) ■ Sp{l) (1) 

and three exceptional groups 

G2,5pm(7),5pm(9). (2) 

The computation of the dimension of Val*^ and the determination of the 
kinematic formulas for a group G from this list is a very important question 
in modern integral geometry. Let us mention what is known in this context. 

Hadwiger's theorem solves the case G = SO{n). The kinematic formulas 
for this group (which were first proved by Blaschke, Chern and Santalo) are 
corollaries to this theorem. 

The next interesting case is G = U{n) acting on C". For n < 3, Park |24j 
computed the dimension of Val*^^"^ and the kinematic formulas. Alesker [2] 
gave the result in the general case: 

dimVaFW = (^'' + ^ 

Two different natural and geometric bases of Val*^^"^ were constructed in 

In contrast to the case of the orthogonal group, the computation of the 
kinematic formulas requires a lot more work and has been completed only 
very recently [19], [14j . 

Alesker [5] showed that dim Val*^^*-^^ = 10. The kinematic formulas for 
SU{2) have been obtained in [ITj . 

For the groups Sp{n), Sp{n) ■ U{1), Sp{n) • Sp{l) as well as for the ex- 
ceptional groups G2, Spin{7), Spin(9), a Hadwiger-type theorem is still un- 
known. Some partial results have been obtained by Alesker: several Sp{n) ■ 
5'p(l)-invariant valuations on H" were constructed in [6]; a new Spin{9)- 
invariant valuation on M"*^^ is given in [9j. 

The present paper is devoted to the study of the integral geometry of 
SU{n) for all n > 2. We compute the dimension of the space Val^^(") and 
derive all kinematic formulas. 

Before stating our main results, we need some notation. 

Recall that a translation invariant valuation /i on a vector space V is said 
to be of degree k if fi{tK) = t'^^[K) for all t > and all compact convex sets 
K. Each continuous translation invariant valuation on V can be uniquely 
decomposed as a sum of valuations of degrees 0, 1, . . . ,diml/ [22j. We let 
Valfc(y) denote the space of continuous translation invariant valuations of 
degree k. 
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Definition 1.1. A valuation fj, € Val"^^^"^ has weight I if 

fi{gK) = det(5)V(^) 

for all g G U{n). We write Val"^^^""^'' for the space of valuations of weight 
I. Clearly Val^^(")'° = VaF^"). 

Taking g = —1, we see that a valuation /i of weight / is even (i.e. n(—K) = 
IJl{K) for ah K) if nl is even and odd (i.e. n{—K) = —^{K) for all K) if nl 
is odd. 

Proposition 1.2. a) The space Val*^^^"^ admits a splitting 

Val^^(") = Val^^(")'^ . 

l=~2 

In particular, the weight of a valuation can only he 0,ibl,ib2. 

b) The weight of an Alesker product is the sum of the weights of the 
factors. 

c) //<I>:Val^^(")^Val^^(") is any linear operator commuting with the 
action ofU{n), then $ preserves the weight. 

d) There are natural isomorphisms, given by complex conjugation, 

Y^lSUH,! ^ val^^(")'-i, Val^^(")'2 ^ Val^^^")'-^ . (3) 

Let W C C" be a (real) subspace of dimension n. By work of Tasaki, 
one can associate m = [n/2j Kahler angles < < . . . < 6*^ < f to VF. 
These numbers describe the orbits of the {7(n)-action on Gr„(C"). We refer 
to Section [2] and [27] for their definition. 

We choose an orthonormal basis wi,W2, . . . ,Wn of W. If the restriction 
of the symplectic form of C"' to W is non-degenerated (this is the case if 
and only if n is even and all Kahler angles are strictly less than ^ ) , we want 
wi A . . . A Wn to induce the same orientation as the symplectic form. 

Definition 1.3. The 0-invariant ofW is the number 

e{W) := det(wi, ...,Wn) 

which is a complex number if the restriction of the symplectic form to W is 
non- degenerated and which is an element o/C/{ibl} otherwise. 

Proposition 1.4. a) Let Wi, W2 be two n-dimensional subspaces ofC^. 
There exists g G SU{n) with gWi = W2 if and only if W\ and W2 
have the same Kahler angles and the same Q -invariant. 
b) IfW e Gr„(C") has Kahler angles 9i,...,9m and G := 9(1^) then 

m 

\e\ = l[sm{e,). (4) 

Conversely, given < 9i < . . . < 9m < vr/2 and B satisfying 
there exists W G Gr„(C") with 9j{W) = 9j,e{W) = 6. 
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c) For all W G Gr„(C") 

Q{W^)=Q{W). (5) 

d) Ifk^n, then the orbits ofU{n) and SU{n) on Gr,t(C"') are the same. 

An even valuation ^ E Valfc(C") is completely determined by its restric- 
tion to /c-dimensional subspaces. More precisely, if E Grfc(C"'), then n\w 
is a multiple of the fc-dimensional volume on W. The proportionality factor 
is denoted by K\,{W) and Kl^ E C(Grfc(C")) is cahed Klain function of 
fi. The resulting map Kl : Val^(C") ^ C(Grfc(C")), /i Kl^ is injective by 
a result of Klain [20] . 

In general, it is rather difficult to write down a valuation with given 
Klain function. However, a constant coefficient valuation (see [HI and 
Subsection 15.11 for the definition) can be easily recovered from its Klain 
function. If fi is such a valuation and P C C" a convex polytope, then 

1-^{P)= E 7(i^)vol(F)Kl^(I^^), 

F,dimF=k 

where F runs over all /c-dimensional faces of P; Wp E Grfc(C"') is the linear 
space parallel to F and j{F) is the normalized volume of the exterior angle 
at F. 

Our main theorem is the following structure theorem for Val^^("). 

Theorem 1.5. There exists a unique constant coefficient valuation (/>2 E 
Valf ^'•"^ with Klain function 

KV, = G^. (6) 

(p2 is even, of degree n and spans Val'^'^^"^'^. If n = 2m is even, there exists 
a unique constant coefficient valuation (pi E Valf ^^"^ with Klain function 

m 

Kl^,iW) = e{W)llcos{e,iW)), W E Gr„(C"). (7) 
i=i 

is even, of degree n and spans n IS odd, then YalSU{n),i ^ q 

In particular, there are no odd invariant valuations and 

Valf =Vaf(") ifk^n; 

dim Valf^(") = dim Val^(") +4 if n = mod 2; 

dim Valf = dim Val^ +2 if n = I mod 2. 

It is not clear a priori why 5C/(n)-invariant valuations of degree k ^ n are 
?7(n)-invariant. Also the fact that such valuations are even is not trivial if 
n is odd. We do not know if there is a geometric proof of these facts. Note, 
however, that the second statement implies the first one: since the U{n)- 
orbit and the SU{n)-orhit on Grfc(C") agree for A; 7^ n by Proposition 11.41 
Klain's injectivity theorem implies that even 5C/(n)-invariant valuations of 
degree k ^ n are f7(n)-invariant. 
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Our approach is based on the fact that 5C/(n)-invariant valuations can 
be identified with a quotient of the space of SU (n)-invariant differential 
forms on the unit sphere bundle of C". This is a consequence of Alesker's 
irreducibility theorem [2j and the kernel theorem of [12]. Here it is important 
that SU (n) acts transitively on the unit sphere, compare [7] and [18] for more 
information. 

Our main application is to the integral geometry of the group SU{n) 
acting on C". Recall that for any group G from the lists ^ and one 
may define an injection kc '■ Val*^ — > Val*^ Val*^ by 

kG{fi){K,L)= [ ij{KngL)dg, K,Le}C{V). 
Jg 

Then fc^ is a a cocommutative, coassociative coproduct. 

A detailed study of km^n) (generalizing results of Park [24j , Tasaki ^27j , 
Alesker [3] and Fu [19] ) is contained in [14J. In the next theorem, we identify 
Val^'-"-' with the corresponding subspace in Val'^^^"\ We let ujn be the 
volume of the n-dimensional unit ball. 

Theorem 1.6. The principal kinematic formulas for U{n) and SU{n) are 
related by 

1 - - OJ^ 

ksu{n){x) = ku{n){x)+i^{(t^i®<t'i+<t'i®<t}i)+ _^ 2)22"-ia;2 ('^2^'^2+'^2^'^2^ 

if n is even and by 

ksU{n){x) = ku(n){x) - / I 9\92n-l ('^2 O </'2 + </'2 ® </'2) 

if n is odd. If ^ is a U{n) -invariant valuation of degree k > 0, then 
ksu{n){lj) = ku{n)(.lJ-)- Ifn is even, then 

ksu(n) (01 ) = (/"i ® vol + vol ®(t)i . 

For alln>2 

ksU(n){4>2) = <p2 V0l + V0l(gi(/>2. 

The interested reader may rewrite this theorem in terms of the algebra 
structure of Val'^'^^"'^. By [19] and Theorem 11.51 this graded algebra is gen- 
erated by a unitarily invariant valuation t of degree 1, a unitarily invariant 
valuation s of degree 2, the two S'[/(n)-invariant valuations (p2, 4>2 of degree 
n and, if n is even, the two S'C/(n)-invariant valuations of degree n. 

The relations between these elements are computed in Section [H 

Plan of the paper. In Section [2] we introduce the 0-invariant and prove 
Proposition II. 4[ In Section [3] we construct a generating set of the algebra of 
S'C/(n)-invariant differential forms on 5C" = C" x S"^""^. We also establish 
some relations between such forms. The following Section [4] contains the 
proof of Proposition [L2l The main part of the paper is the proof of Theorem 
11.51 in Section [5l In the final Section [6l we recall the definition of Alesker's 
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product of valuations and its relation with kinematic formulas, we prove 
Theorem 11.61 and we derive an additive kinematic formula. 

Acknowledgements. I wish to thank Semyon Alesker and Joseph Fu for 
very useful remarks on a first version of this manuscript. Proposition [L2] (c) 
and some other improvements were suggested by the anonymous referee. 

2. The orbit space of Grfc(C") under the SU{n)-ACTiON 

By work of Tasaki [27j each C/(n)-orbit in Gr„(C"') is described by m := 
[n/2j Kahler angles < 6*1 < . . . < 6*™ < tt. 

Given W G Grn,(C"'), we consider the composition Jyy := tt\y o J\iy : 
ly — > Ty of the orthogonal projection ttw with the multiplication J by 
V— 1- Since Jw is skew-symmetric and ||Jiy|| < Ij each eigen- value of Jw 
is purely imaginary and has absolute value at most 1. The multiple Kahler 
angle of W is the m-tuple {6i, ... ,6m) with 

< 01 < ^2 < • • • < < I 

such that {lb cos(6'i)i, . . . , it cos{6m)i} (and if n is odd) are the eigenvalues 
of TTw o J\W. 

Two n-dimensional spaces belong to the same f7(n)-orbit if and only if 
their multiple Kahler angles agree [27] . Fixing a hermitian basis ei , . . . , e„ 
of C", a typical space in such an orbit is given by 

m 

:= [Re2j-i © Ricos{9j)ie2j-i + sin(0j)e2j)] (01^6^) . (8) 

only if n=l mod 2 

Now we turn our attention to the action of SU{n). 

Let W G Gr„(C") have Kahler angles 9i, ... ,9m. If < 7r/2 and n is 
even, then the restriction of the Kahler form is non-degenerated and its m- 
th power defines an orientation of W. In all other cases, we fix an arbitrary 
orientation of W. 

Fix a positively oriented orthogonal basis (w.r.t. to the Euclidean struc- 
ture on C") wi, . . . ,Wn of W and define 

@{W) ■.= detiwi,...,Wn) G C. 

If 9m < T^f^ and n is even, 0(VF) G C is independent of the choice of the 
positively oriented orthonormal basis. In the other cases, G C/{ibl} 

is independent of the choice of the orientation and of the choice of the 
orthonormal basis. 

We call e{W) the G-invariant of W. 

Remark: As was pointed out to us by J. Fu, the restriction of to the 
Lagrangian Grassmannian has values in and is a primitive of the Maslov 
1-form (compare [21], page 53). 



A HADWIGER-TYPE THEOREM FOR THE SPECIAL UNITARY GROUP 



7 



Proof of Proposition \1.4\ Fix a positively oriented orthonormal basis wi, . . . ,11), 
oi W G Grn(C"'). If 5 G U{n), then gwi, . . . ,gwn is a positively oriented 
basis of gW. Hence 

e{gW)=det{g)&{W). (9) 

In particular, Q is S'f7(n)-invariant. 

Conversely, suppose that Wi and W2 in Gr„(C"') have the same Kahler 
angles and that G(W'i) = e{W2). 

If 0(1^1) = 0, then the complex subspace Wi generated by Wi is of 
positive codimension. Let g S U{n) be such that gWi = W2- Let go be 
the element which acts by multiplication by det{g)^^ on a one-dimensional 
complex subspace in the complement of and identically elsewhere. Then 
go fixes Wi. Hence ggoWi = W2 and ggo G SU{n). 

Let us now assume that 0(1^1) / 0. If n is even and 9m < vr/2, then ([9|) 
shows that g G SU{n). 

If n is odd or if 6m = vr/2, we can only deduce that det{g) G {il}- 
In both cases, there exists wi G W with Jwi _L W. We complete wi to 
an orthonormal basis {wi, . . . , Wn} of W. Then 7^2, ■ ■ ■ ,Wn belong to the 
orthogonal complement of the complex subspace Cwi. Let go G U{n) be the 
element which acts by multiplication by det{g) on Cwi and by the identity 
on {Cwi)-^. Then go fixes Wi. It follows that ggoWi = W2 and ggo G SU (n). 
This proves the first part. 

For the second assertion, we consider the space W defined in ([8]). Clearly 

m 

Q{W) = JJsin(ej). 

i=i 

If Wi is any other space with these multiple Kahler angles, there exists 
g G U{n) with gW = Wi. Then 

m 

\Q{Wi)\ = |det(5)e(I^)| = |e(H^)| = nsm(%). 

i=i 

Conversely, given any with |0| = riJLi^™(^j)' ^'^'^ ^ G 5*^ with 
? • Wj=i sin(0j) = 0. Taking g G U{n) of determinant and setting Wi : = 
gW, we obtain that 0(VFi) = 0. 

It suffices to show the third assertion for one space in each ?7(n)-orbit. 
As before, we take the space TV of dH). The 0-invariant of W equals 
njLi sm[9j). The 0-invariant of its orthogonal complement 

m 

= [R(- sin{dj)ie2j^i + cos{9j)e2j) Mieaj] (0 Mie^) ; 
j=i . ' 

only if n=l mod 2 

is again JljLi siii(0j), which proves the third assertion. 

If Vl^ G Grfc(C") for k < n, then the complex space generated by W has 
positive codimension. It follows that for any u G there is an element 
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g ^ U (n) which stabiHzes W and which has determinant u. Therefore the 
5C/(n)-orbit and the [/(n)-orbit on Grfc(C") are the same. By passing to 
the orthogonal complements, the same is true for k > n. 



Let SC" = X S'^"-! be the sphere bundle of C". We consider the 
diagonal action of U{n) on S'C". Park [23] described the algebra of U{n)- 
invariant forms on S'C" as follows. 

Let us introduce complex coordinates Zj = xj + iyj, j = 1, . . . ,n on C" 
and use induced coordinates {zj , (j = + iijj ) on C" x C" . We consider 
S'C" as a subset of C" x C" and define real- valued differential forms by 



□ 



3. Invariant differential forms 




n 




n 




n 




n 



9 s - ^^1 = X/ '^^i /\dCj - f3 + ia Aj 



n 




For all computations not involving exterior differential, it is convenient 
to use the fact that SU (n) acts transitively on the unit sphere and that an 
invariant form is thus determined by its value at the special point (0,ei) G 
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SC^''. At this point, the above forms are given by 

a = dxi 
(3 = dyi 

7 = dm 

n 

i=2 

n 

6 s = dxj A d^j + dt/j A dr]j 

J =2 
n 

9i = dxj A dr]j — dyj A d^^j 
i=2 

n 

02 = dxj A dyj . 

i=2 

Proposition 3.1. [M] 

T/ie algebra of U{n) -invariant forms on 5'C" is generated by a, (3, 7, 9o,9i, O2 
and 9s- They satisfy 

da = -P A J - 9s 
dp = a + 9i 
dj = 29o 
d9o = 

d9i = 2aA9o + j A 9s 
d62 = a A61 + 13 Ads 
d9s = 2P A9o-j A9i. 

Let us introduce n — 1-forms Xfci ^ = 0, . . . , n — 1 by setting 

" h\( -h-^^\ ^ sgn(7r)C^(i)dz^(2)A. . .Adz^k+i)^dC^(^k+2)^- ■ -^dC^^n)- 
n\n n I). ^^^^^ 

Here 5„ is the group of permutations of {1, . . . ,n} and sgn(7r) denotes the 
sign of a permutation vr. For convenience, we set Xk := if A: {0, . . . , n— 1}. 

Proposition 3.2. The algebra of (complex-valued) SU{n) -invariant forms 
on S'C" is generated by a, (3, 7, 9q,9i,92,9s, Xk and Xk (k = 0, . . . ,n — 1). 
Moreover, 

dXk = {n- k){{a + i[3) A Xk-i + il A Xk)- (10) 

For the proof, we need the fohowing lemma. 

Lemma 3.3. Consider F := C" © C" with the diagonal action of SU{n). 
Let ej, • • • , e^, ej;, . . . , ej^ be the standard basis of V , and denote the dual 
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basis by e?*, . . . , e°*, e}*, . . . , e^^* G V* . Then A*(y*)'^'^(") is generated, as 
an algebra, by the following elements: 

n 

i=i 
1 " 

i=i 

n 

fc'(n-fcV ^ ^Sn(vr)e°-^,) A . . . A 6^^^+^) A 

Proof. We adapt the proof of ^24j, Thm. 2.1.2 to our situation. Let E 
^fc^y*-j5(7(n)^ Write V = {v^,v^) for an element v eV. By the first funda- 
mental theorem for SU{n) ([26j. Thm. 64), (/>(wi, . . . , Vk) may be written as a 
polynomial in the real and imaginary parts of the hermitian scalar products 

ivt,v''j), i,j = I,..., k;a,b = 0,1; 

the determinant functions 

det{vl\...,v^;^), ii,...,in £{l,...,k};ai,...,an£ {0,1} 

and their conjugates. Since (p is multilinear, each lower index i E {1, . . . ,k} 
appears exactly once in each monomial. 
We apply the alternation operator 

Alt :(S)*V*^ A*V* 

to such an expression. Since Alt is linear, Alt(V' i?) = cAlt(ip) A Alt('i?) 
and Alt cp = cp, we deduce that cp is the wedge product of the alternations 
of the real and imaginary parts of the hermitian scalar products and the 
determinant functions and their conjugates. These alternations are - up to 
constants - the elements 6o, 6i, ©s, S/o ^fc- CH 

Proof of Proposition \3. 21 First note that SU{n) acts transitively on the unit 
sphere. If uj is an invariant form on SC", then oj is determined by its value 
at the point (0, ei). The tangent space at this point splits as 

71 n 

r(o,ei)5C" = Cei e Ccj e Mid © Ce^. 



...^el\^y k = 0,. 
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The action of the stabihzer at (0,ei) on the first and third factor is trivial 
and is the diagonal action on the second and fourth factor. Note that a + 1/3 
is the projection on the first factor and 7 is the projection on the third 
factor. The first statement of the proposition thus follows from the lemma. 
Equation (fTOll is easily obtained by comparing the restriction to ^(0,61) of 



both sides. □ 
Proposition 3.4. For k = 1, . . . ,n — 1 

Xk/\Oo = -'-Xk-i/\{9s-iOi) (11) 

Xk-i/\02 = ^XkA{Os + iei). (12) 

If k + I > n, then 

Xk A {Os - iOiY = 0. (13) 

Ifl>k, then 

XkA{9s + i9iy = 0. (14) 

Proof. Easy computation. □ 



4. Weight decomposition 

Proof of Proposition Recall from Definition 11.11 that a valuation S 
weight / if ii{gK) = det{gy fi{K) for all g £ U{n) and all com- 
pact convex sets K. We shall show that each valuation can be decomposed 
into valuations of weight ±2, ±1 or 0. 

Let us say that a differential form uj G J]*(S'C")"^^(") has weight / if 
g*u! = {det gYu) for all g G U{n). Clearly, a, j3,^,9o,Oi,92,9s are of weight 
zero (since they are invariant under U{n)), while Xk is of weight 1 and Xk 
is of weight —1. The weight is additive under wedge products and invariant 
under differentiation. Each invariant form ui can be decomposed in a unique 
way as 

00 

uj= uJi, (15) 
/=— 00 

where coi is of weight I and where only finitely many loi are non-zero. 

The only SC/(n)-invariant valuation in degree 2n is the volume, which 
is of weight 0. If fi is an invariant valuation of degree k < 2n, then we 
represent ^hy to £ 17^"^-*^ (SC^)"^^*^"), i.e. if nc(i^) is the normal cycle of K 
(compare [28] for the normal cycle of compact convex sets), then 

fi{K) = nc{K){u). 

The fact that such an expression exists is a consequence of Alesker's ir- 
reducibility theorem [2]. Note, however, that uj is not unique in general. 
The forms inducing the trivial valuation are characterized in ji2j. All we 
need here is that exact forms and vertical forms (i.e. forms vanishing on the 



12 



ANDREAS BERNIG 



contact distribution) induce the zero valuation; which is a triviahty since 
nc(i^) is a Legendrian cycle. 

In the case n = 2, any product of 3 forms of weight 1 vanishes (since there 
are only two such forms, xo and xoi and they are of degree 1). In the case 
n > 2, we have 3degXfc = 3(n— 1) > 2n — 1 = dego;, hence oj can not contain 
three or more factors of weight 1. In both cases it follows that the non-zero 
terms in the decomposition (fT5]l can only appear for I S {0, ±1, ±2}. 

Let /i/ be the valuation represented by uji. Clearly, fii has weight / and 
fJ- = J2'^=-2 f^i- '^^^ uniqueness of such a decomposition is clear. This proves 
(a). 

Statement (b) follows from the fact that a linear automorphism on a 
vector space V induces an algebra automorphism on Ya\{V). 

Statement (c) is trivial: fj, is of weight / if and only if = (det g)~^fj, for 
all g £ U{n). If <I> commutes with the action of U{n), then 

= = (det (7)-'$(/i), g G U{n); 

hence ^{fJ-) is again of weight 

In order to prove (d), we note that if /i is of weight I, then jl is of weight 
-I: 

fl{gK) = d^^fi{K) = {det g)-'fl{K). 

□ 

5. Classification of S'C/(n)-iNVARiANT valuations 
In this section, we prove Theorem 11.51 

5.1. Construction of 02. Let uJn be the volume of the n-dimensional unit 
ball. We claim that the valuation 

C_-|\n+l • 

MK) := nc{K)iP A xo A Xn~i) 

nuJn 

satisfies ([6]). Note that 



/?AxoAXn-i = (-l)"idzi A. . . dZnA^i-iy'^^CjdCiA. . .AdCjA. . .AdCn mod a. 

i=i 

It follows that (p2 is a constant coefficient valuation in the sense of [H]. In 
fact, the right hand side of this relation clearly extends to a form on C"©C" 
whose exterior differential has constant coefficients. 

Let W e Gr„(C") and denote the unit ball inside W by Bw- 

The part of bidegree (n,n — 1) of nc{B\Y) is given by [[-Bvy]] ^ [[dBw]]- 
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It follows that 
h{Bw) = nc{Bw){(3 A xo A Xn~i] 

nUJn 



= -^[[BwWzi A... dzn)[[dBw]] I V(-iy-^OdCi A . . . A A . . . A dCn 

= vol{Bw)@{W)e{W^). 
Using Proposition 11.41 we thus obtain 

K\^,{w) = e{wf. 

5.2. Classification of invariant valuations of weight 2. A valuation 
of weight 2 must be represented by a form uj with g*LO = (det^)^^; for all 
g £ U{n). The vector space of such forms is generated by aAxj ^Xk (which 
induces the zero valuation), f^Axj^Xk and ^Axj^Xk with j, k = 0, . . . ,n — l. 

It follows readily from the definition that Xj A Xfc = unless j + k = n — 1 
and that the forms Xj A Xn-j-i,j = 0, . . . , n — 1 are all proportional. From 
(1101) we obtain that 



d{j A Xo A Xn~i) =0. 

Therefore 7 A xo A Xn-i represents the zero valuation. It follows that each 
valuation of weight 2 can be represented by a multiple of the form /? A xo A 
Xn-i, which imphes that <f>2 spans 



5.3. Construction of (pi. Suppose that n = 2m is even. We claim that 
MK) :=^nc(K)(xoA^r) 

satisfies ([7]). 

Since nc(P) is Legendrian, we can replace ^2 by ^2 + a A /? = | Yl^=i ^-^j A 

dZj. 

It easily follows that 0i is a constant coefficient valuation. 
Let W £ Gr„(C"). If the restriction of the symplectic form to W is 
non-degenerated, we fix the orientation given by the symplectic form. 
Then 

m 

[[Bw]] {{O2 + a A Z?)™) = m\ wo\{Bw) JJ cos e^iW). 

i=i 

It thus follows that 
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i{Bw) = nc{Bw){X0 A (02 + a A (3)' 



= :;^[[Bw]W2 + a A HTWBw]] \^{-iy-\jdCi A . . . A A . . . A dCn 

m 

= ^o\{Bw)Wcosdj{W)Q{W). 

5.4. Classification of invariant valuations of weight 1 if n is even. 

Let us next show that <j)i generates Val'^^^"^'^. If /i G Val^^^"^'^ with k ^ n, 
then we may apply Klain's injectivity theorem [2D] (note that (j, is even) 
and Proposition 11.41 (4) to deduce that ^ is [7(n)-invariant. Therefore ^ € 
VaF^^^nVal'^^^")'^ = {0}. 

Hence we may suppose that /i G Valf'^^"^'^. Let /i be represented by a 
form oj of bidegree (n, n — 1). Proposition 13.41 implies that, up to multiples 
of a and da, a; is a linear combination of the forms 

Xm^e'^ and (3 ^xm^e'^~^. 

We will make frequent use of the relation 

9s = —PA^ mod (a, da). (16) 
Using (fT3|) and (fT6]) . we obtain that 

Xm A 6*™ = mi/5 A 7 A Xm A 6*]""^ mod (a, da). 

Hence Xm A 0™ and /3 A 7 A Xm A 0™^^ induce the same valuation (up to 
a constant). Since (pi is a non-zero valuation of degree n and weight 1, it 
follows that dim Vain ^ ""^ = 1. 

5.5. Classification of invariant valuations of weight 1 if n is odd. 

Suppose that n = 2m -|- 1 is odd. Let /U be a valuation of weight 1 and of 
degree n. We represent /i by integration of an invariant differential form lo 
of bidegree {n,n — 1) and of weight 1. 

Using Proposition 13. 4^ we get that lo is- up to multiples of a and da- a 
linear combination of the forms 

A Xm A and 7 A Xm+i A 0^- 

From (fT3|) we see that Xm+i A 0™ is divisible by Og- Therefore, 

7 A Xm+i A 6*" = mod (a, da). (17) 
Using Proposition 13. H (fTOl) and (fT7|) . we compute that 

d(xm+i A 6*51") = mi/3 A Xm A 6*^ mod (a, da). 

Since multiples of a and da and exact forms induce the zero valuation, 
the same holds true for /3 A Xm A 9^ and 7 A Xm+i A 6*^^. It follows that 
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dim Vain = 0. From the Hard Lefschetz Theorem (12j we deduce that 

dim Valf ^^"^'^ = for all A; = 0, ... , 2n. 
This finishes the proof of Theorem II. 5[ 



6. Kinematic formulas 

6.1. Some facts about the product structure and kinematic formu- 
las. Alesker has shown that there is a dense subspace in the space of all 
translation invariant valuations on which a natural product structure ex- 
ists. In fact, this product can even be extended to the much larger space 
of smooth valuations on a smooth manifold. We refer to [4] and [7j for the 
definition and the properties of this product. 

If G is a compact subgroup of the orthogonal group acting transitively on 
the unit sphere, then the kinematic formulas for G can be obtained from the 
product structure of the space Val*^ of G-invariant and translation invariant 
valuations. This important fact is explained in [19j and [13] and used in a 
crucial way in the determination of /c(/(n) in [14| • 

Recall that 5C" is a contact manifold of dimension 2n — 1 with a global 
contact form a. Given an n — 1-form uj, there exists a unique vertical form 
a A ^ such that d{uj + a A ^) is vertical. The operator Dm := d{u! + a A ^) 
is a second-order differential operator which was introduced by Rumin [25j . 
It was first used in integral geometry in |12| . 

In order to compute the product structure on Val'^'^^"\ we need the fol- 
lowing corollary of Theorem 4.1. from [llj. 

Proposition 6.1. Let ^i,/i2 G Val'^^'-"'^ be of degree n. Suppose that ^i,/i2 
are represented by invariant forms uji,uJ2 respectively. Then 

27r" 

AH • /i2 = (-1)"7 T\T^^°^' 

[n — Ij! 

where the constant c is determined by 

uJi A Duj2 = cd V0I5C" • 

The factor (—1)" is due to the fact that each S'C/(n)-invariant valuation of 
degree n is even and thus lies in the (— l)"-eigenspace of the Euler-Verdier 
involution o", compare |10j . The factor ^^^^ volume of the 2n — 1- 

dimensional unit sphere. If vr : SC" — > C" is the natural projection map, 
then we have vr^Kdvol^c" = j^^fy d^^^c^- 

By Proposition 11.21 the product of a unitarily invariant valuation of posi- 
tive degree with (pi or </>2 or their complex conjugates is zero. Using Proposi- 
tion [L2] and the fact that valuations outside the middle degree are of weight 
1, we obtain that the only non-trivial products are those in weight as well 
as (pi ■ (pi and (j)2 ' (p2- 
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6.2. Computation of 0i • 0i. Let n = 2m be even. We know that cpi is 
represented by w := :^Xo A 62'. 

Let us compute the Rumin differential of uj. Computing modulo a and 
using (flB]) . we obtain 



nm— 1 
'2 



jm+l 

:7 A Xm A {{iOi + OsT - i^Oi - 9s)n - —-da A /3 A xo A 



■m+1 



/ 2?™+l ^ /?7j\ 1 



im— 1 
2 



i=i(2) 



Setting 



^ - A X. A (^) A + A XO A , 



'2 



J=l(2) 

we thus have 

Duj = d{uJ + aAC)=aA (^^Xo A A 0™"^ - 

Since we want to compute ui A Duj, we only need to look at terms in Div 
which are divisible by a A /? A 7 and which are not annihilated by xo- Since 
Xo A ^0 = 0, there are no terms coming from the differentiation of 61 and Og 
in the first summand of ^. We also note that xo A {9^ — iOi) = 0. Using the 
relations from Proposition 13.41 we compute 

a;AL>w = c^AaA (^Xo A A 0™-^ - d^ 
= -id A a A d^, 



-ui 



AaAjAdXmA ^ i""-^ (^^1'' A 9'^'"^ 



{27r) 

^ ' J=l(2) 



1 

27r^ 

. . , . mi 



+ A a A /3 A dxo A 0^"^ 



——(I. A a A 7 A dxm A ^^-^ + — AaA/3A7AxoA ^""^ 
(vrj™ vr™- 

^"^jm"'^ '^ A a A 7 A /? A Xm-i A ^^^^ + A a A /? A 7 A xo A 0^" 
(2~)!nC'^l '^ A a A 7 A /3 A x,n-i A {9^ + z9,r~' 



mi 



+ —io AaA/3A7AxoA0: 



vr 



m~l 
2 



a A (5 A 91^ A7AxoAxo- 
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One easily sees that A xo ^ Xo equals 2'^'^ times the volume form of 
the unit sphere in C", while a A (3 A ^2"^ equals (n — 1)! times the volume 
form of C". 

Therefore 

2"-i(n- 1)! , , 
uj A Duo = avolsc" • 

From Proposition 16.11 we deduce that 

4)1 -(1)1 = T vol . 

6.3. Computation of 02 • 02- Let n > 2 be arbitrary. The valuation 02 is 
represented by the form uj := ^^—r, — A yq A Xn-i- We get 

D{(3 A Xo A Xn-i) = d{f3 A Xo A Xn-i - (n + l)ia A xo A Xn-i) 
= -n(n + 2)a A 7 A Xo A Xn-i, 

from which we deduce that 
n + 2^ 

u) ADiJ = 5-/^/ A Xo A Xn-i A a A 7 A Xo A Xn-i 

(_l)"+i(n + 2) 
= ^ \ -Oi A (3 A Xn-i A Xn-i A 7 A Xo A Xo- 

The form a A j3 A Xn-i A Xn-i is 2""^^"^"^ times the volume form of C"; 
while 7 A Xo A Xo equals 2"^-*^*" times the volume form of the unit sphere 
Hence 

n + 2 

id A Du = r-4"~^(ivolsC" 

and thus 

(-ir(n + 2)22— iu;2n 



^J2- (P2 — n 



vol , 



We remark that the pairing {^ii,H2) ^ fJ'i ■ fJ-2 on Valf^*-"^ is not positive 
definite if n is odd. Equivalently, the pairing {^1,^2) ^ fJ-i • fJ-2 on real- 
valued valuations in Valf^''"^ is not positive definite. In contrast to this, it 
was shown in [14j that the restriction of this pairing to Vain is positive 
definite for all n. 

6.4. Kinematic formulas. The principal kinematic formula for SU (n) fol- 
lows from 16. 2l and [6^ and Theorem 2.6. of 1191: 



{n + 2)22"-ia;2. 



ksU{n){x) = ku(n){x) + TTT^^V^S^T^T— (02 02 + 02 ® 02) 



+ ^(01 01 + 01 0i) if n is even j 
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If /i is a C/(n)-invariant valuation of degree fc > 0, then /J- ■ (pi =0 and 
fi- (j)2 = by Proposition 11.21 and the fact that valuations of non-zero weight 
appear only in degree n. Using Lemma 2.4. of [19], we obtain 

By the same lemma, 

ksU(n)i<p2) = 4>2 V0l + V0l(gi(/)2; 

for all n, and 

ksU(n){4>l) = (t>l vol + vol 

for even n. 

This establishes the whole array of kinematic formulas for SU{n) and 
finishes the proof of Theorem 11.61 

6.5. Additive kinematic formula. 

Proposition 6.2. For all compact convex sets K,L C C", the following 
additive kinematic formula holds. 

/ vol(i^ + gL)dg = / vo\{K + gL)dg 

JsU(n) Ju(n) 

+ ^{<i)i{K)4>i{L) + ^i{K)(l)i{L)) ifn is even 

Proof. Since the Fourier transform acts trivially on Valf^^"'^ the proposition 
follows immediately from Theorem 1.7. of [13j. □ 

Higher additive kinematic formulas (where vol under the integral is re- 
placed by another S'C/(n)-invariant valuations) can be obtained from the 
proposition by applying the results of [13j. We leave the details to the 
reader. 
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